We present a short statement and proof of the following result by S. Parsa. Let L be a graph such that the join L * {1, 2, 3} (i.e. the union of three cones over L along their common bases) piecewise linearly (PL) embeds into R 4 . Then L admits a PL embedding into R 3 such that any two disjoint cycles have zero linking number. We also clarify its relation to earlier publications.
Theorem 1 ([Pa15, Theorem 1]). Let L be a graph such that the join L * {1, 2, 3} (i.e. the union of three cones over L along their common bases) piecewise linearly (PL) embeds into R 4 . Then L admits a PL embedding into R 3 such that any two disjoint cycles have zero linking number.
Proof. Denote [3] := {1, 2, 3}. Consider L * [3] as a subset of R 4 . Take a small general position 4-dimensional PL ball ∆ 4 containing the point ∅ * 1 ∈ R 4 . Then the intersection ∂∆ 4 ∩ (L * [3]) is PL homeomorphic to L. Let us prove that this very embedding of L into the 3-dimensional sphere ∂∆ 4 satisfies the required property.
Take any two disjoint oriented closed polygonal lines β, γ ⊂ ∂∆ 4 ∩ (L * [3]) ∼ = L. Then (β * {1, 2}) − Int ∆ 4 and (γ * {1, 3}) − Int ∆ 4 are two disjoint 2-dimensional PL disks in R 4 − ∆ 4 whose bound aries are β and γ. Hence β and γ have zero linking number in the 3-dimensional sphere ∂∆ 4 (by the following well-known lemma applied to the 4-dimensional ball S 4 − Int ∆ 4 ).
Lemma 2. If two disjoint oriented closed polygonal lines in the 3-dimensional sphere ∂D 4 bound two disjoint 2-dimensional PL disks in the 4-dimensional ball D 4 , then the polygonal lines have zero integer linking number in ∂D 4 . (c) Theorem 1 is not exactly [Pa15, Theorem 1] but is a corollary of that result whose statement is accessible to non-specialists and is sufficient for all the 'computer science' applications of that result given in [Pa15] (in fact, even the mod 2 version would be sufficient).
(d) 2 In my opinion Theorem 1 (in more technical but equivalent form [Pa15, Theorem 1], [Pa15, the last sentence of Lemma 1]) is the main 'topological' result of [Pa15] . 3 The main purpose of [Pa15] is applications of Theorem 1 to the main 'computer science' result (i.e. to an upper bound for the number of top-dimensional simplices).
In spite of being much shorter, the above proof of Theorem 1 is not an alternative proof comparatively to [Pa15, §3] but just a different exposition. 4 The above proof avoids sophisticated language and simple details not required for applications.
The above proof of Theorem 1 is analogous to [Sk03, Example 2] 5 where a relation between intrinsic linking in 3-space and non-realizability in 4-space was found and used. An elaboration of this idea in a more complicated situation (yielding a simple solution of the Menger conjecture and its generalizations) was given in [Sk03, Lemmas 2 and 1']. See also an exposition of this idea in [Sk14, §3.3, §3.6] and more technical presentation of this idea in [Pa15, the last paragraph of proof of Lemma 1]. Although [Pa15, Pa18] (e) Part (d) describes relations of the current note to [Pa15, Pa18] . Some of these relations might seem to be a matter of opinion. So I felt obliged to ask S. Parsa whether he agrees or disagrees with key sentences of part (d), promising that I will publish his responses literally even if I disagree with them or find them unclear. This I did in footnotes to part (d). (I modified S. Parsa's responses only by making references more precise, e.g. by changing 'the Remark' to '[Pa18, Remark after Theorem 1]'.) For sentences marked with footnotes 4, 5, 6 he expressed neither agreement nor disagreement, but gave some public responses presented above.
S. Parsa's responses and [Pa18] are public results of our extensive private discussion, not his first reaction and first version of an update. So the footnotes in part (d) explain
• why at some point I decided to publish this note instead of sticking to my initial suggestion of adding this text to S. Parsa's update of [Pa15] ,
• why later I decided to end our private discussion and start a discussion to be published, and
• why at last I decided to end this public discussion (in spite of my wish not to suppress S. Parsa's opinion).
I have no more time resource to comment on S. Parsa's responses, so I ask the reader to find them in update of [Pa18] and to check them accurately (just as the reader will check accurately my phrases in part (d)).
Also, the footnotes in part (d) concern some important general questions like • how to choose what to name as a main result so that a paper would be clearer? See footnote 3.
• if we rediscover an idea (or a result) published earlier, should we refer to that publication? See footnote 6.
